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Abstract 
This paper undertakes the problem of determining the equilibrium capacity of facilities in the distribution network, 
which means taking balanced use of facilities in the power system under operational constraints. Then, economic 
capacity and availability of the facilities can be assessed respectively. A formulation is given and test results on IEEE 
16-bus system are included. 
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1. Introduction 
As deregulation emerges and the tendency to postpone investments exists, distribution systems will be 
expected to operate closer to their capacity limits. It is required to investigate the efficiency of the 
facilities in the distribution system, mainly include transformers and feeders. Conventional measurement 
of the facility availability was to compare the current flow at a time section with economic capacity or 
maximum capacity of the feeders. As it didn’t take operation constraints into account, it is not proper to 
take this as an instrumental guidance for system operator to shift load under contingency. 
Power supply capability is defined to be the maximum load that a distribution system can supply[1]. 
Many concerns have been paid to evaluate the power supply capability of a distribution grid, while it 
cannot give useful information about power distribution in the system[2],[3].  
To solve these problems, three sets are taken into consideration: { }iS i E∈ , { }iZ i E∈ ,
{ }iR i E∈ , i i iZ S C= × . Where i  is the serial number of the facility; E  is the set of facilities in the grid, 
including transformers and feeders; S  represents the economic capacity of a facility; R  represents the 
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power flow of a facility; Z  and C  represent the equilibrium capacity and equilibrium efficiency of a 
facility which two are designed in this paper. 
Useful information can be acquired by analyze these three sets: 
If iC  is smaller than the others, it can be inferred that, if we choose to arrange the load distribution in 
an equilibrium manner, facility i  cannot be well used for it has been over invested. On the contrary, if iC
is bigger than the others, facility i  must be a bottleneck which restricts the power supply capability of the 
grid. 
Generally, availability of facility i  is defined as / 100%i iR S × . Compare with{ }iS , { }iZ  has taken 
operational constraints into consideration, and it would be more reasonable to employ / 100%i iR Z ×  as 
the definition of facility availability. 
With a framework for assessing equilibrium in distribution systems, systematic studies of feeder 
loading, load shift, and total network facility loading conditions can be performed. In addition, this work 
can be a useful tool to help the study of facility economic capacity in power planning. Also, given an 
outage case, availability and robustness of facilities in the grid can be evaluated, and suggestions of shift 
loading can be performed. 
The paper introduces and addresses the following: 
• A new formulation for facility capacity problems in distribution systems; 
• A BP network to fit the process of optimization; 
• Application of equilibrium studies. 
2. Problem Formulation 
In this section, the equilibrium efficiency problem formulation is proposed. As mentioned above, two 
objectives needed to be solved: to make full use of facilities in the grid to supply load as many as possible, 
and to make balanced use of facilities to ensure grid working in a secure and economical manner. In order 
to optimize these two objectives in one problem, suitable objective function should be constructed. 
In this paper, assumptions of the problem are: 
• The variation of the load will not affect the security and stability of the grid that send power to the 
distribution system under discussion; 
• The source node of the distribution system has no limitation on power supply. 
Considering N-1 contingency criteria, various situations of a distribution system could be enveloped 
inΩ , the set of cases including single outage cases and the normal case, and the equilibrium problem in 
case k  can be expressed as: 
( ) ( )max  ( )(1 ( ))k kL C M C−                                (1) 
where ( ) ( ){ }k kiC C= represents the set of equilibrium efficiency under case k , ( )( )kL C represents the 
weighted average of the equilibrium efficiency, and ( )( )kM C  represents the balance function as follows: 
( ) ( ) ( )( ) 100k k ki i
i E
L C w C
∈
= ∑                                   (2) 
( ) ( ) ( )( ) ( ( ) (1 ) ( ))k k km t tM C K K F C K G C= + −                       (3) 
where ( )( )kF C and ( )( )kG C are the variance function and difference function respectively; 0mK > is a 
factor to make a balance between ( )( )kL C and ( )( )kM C ; 0 1tK< < plays the role of 
balancing ( )( )kF C and ( )( )kG C ; ( )kiw represents the weight of
( )k
iC .
( )( )kF C and ( )( )kG C are both employed to identify the deviation of ( ){ }kiC . Aiming at take full use of 
facility in the grid and make the utilization balanced as much as possible, an interval is needed to evaluate 
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the variance. Variance in this interval is approved and objective function is changed to seek the maximum 
load  capability mainly, while in the case of variance exceeds interval, the other target that seeks a bigger 
load with a smaller variance simultaneously can be formed. For these reasons, ( )( )kF C could be 
constructed as follows: 
( ) ( )
( )
( )
( )
( )                         ( )
( )
ln( )    ( )
( )
k k
d a
k
ka
k d a ak
K D C D C K
F C K
K K K D C K
D C
⎧ ≤⎪= ⎨− + >⎪⎩
              (4) 
( ) ( ) ( ) ( ) 2
1
( ) (100 ( ))
n
k k k k
i i
i
D C w C L C
=
= −∑                                  (5) 
( ) ( ) ( )( ) 100(max( ) min( ))k k kG C C C= −                            (6) 
where 0aK > is the upper bound of the interval mentioned above; 0k dK K> > are both coefficients to 
control the variance function. It can be inferred that, if weighted variance ( )( )kD C less than aK , variance 
function ( )( )kF C is a linear function of ( )( )kD C , otherwise ( )( )kF C is a logarithmic function of ( )( )kD C .
Attention should be paid that the slope decreases as ( )( )kD C grows and kK  is the maximum slope of the 
logarithmic function. This character together with (1) can prevent the algorithm find the solution with too 
much penalization in the beginning. 
This optimization problem has constraints as follows: 
1
( cos sin ) 0,
N
i i j ij ij ij ij
j
P V V G B i Lθ θ
=
− + = ∈∑                                (7) 
1
( sin cos ) 0,
N
i i j ij ij ij ij
j
Q V V G B i Lθ θ
=
− − = ∈∑                                  (8) 
min max ,i i iV V V i L≤ ≤ ∈                            (9) 
,i iR S i E≤ ∈                             (10) 
min max ,i i iP P P i L≤ ≤ ∈                                     (11) 
min max ,i i iQ Q Q i L≤ ≤ ∈                                  (12) 
where L  represents the system bus set apart from slack bus; E  represents the set of system facilities; N
represents the number of system bus; iP , iQ  are the active and reactive power injection at bus i ; i iV θ∠
represents the voltage at bus i  and ij i jθ θ θ= − ; ijG and ijB represent the corresponding conductance and 
susceptance in system Y  matrix; miniV ,
max
iV represent lower and upper bounds of the voltage magnitude 
at bus i ; miniP and
max
iP  represent lower and upper bounds of the active power injection at bus i ;
min
iQ and
max
iQ represent lower and upper bounds of the reactive power injection at bus i ; iR , iS , as 
mentioned above, represent power flow and economic capacity of facility i . The first two equality 
constraints represent the power flow equations. 
When the reactive power compensation get fixed and loads of the system vary with a constant power 
factor, an optimal power flow algorithm can be use here to solve above optimization problem and acquire 
equilibrium efficiency under the specified system condition. From ( )min( )ki i
k
C C
∈Ω
=  we can obtain iC , then 
by i i iZ S C= × , equilibrium capacity { }iZ  is acquired. 
3. Implementation Algorithm 
As the process of optimization is found to be time consuming, while artificial neural network (ANN) is 
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quite accurate and almost instantaneous, taking BP network to fit the optimization process is acceptable 
for the reason that BP network is the mostly common used among all these artificial neural networks[4]. 
A BP network to solve the optimization problem is presented in this section. 
3.1. Input vector 
To reduce the scale and enhance the training efficiency of the network, effective and sufficient number 
of input vector that affect the performance most should be considered seriously. 
For the purpose of achieving all features of the objective function, ( ){ }kiS must be selected as a part of 
the input vector. To obtain a differentiation between outages, ( ){ }kiS
+ , which is a vector contain 
maximum capacities of all the facilities might be used in the grid, is selected as the input vector, and can 
be expressed simply as: if facility i  does work in case k , ( ) ( )k ki iS S
+ = , otherwise ( ) 0kiS + = .
3.2. Output vector 
Similar to input vector, ( ){ }kiC
+  which is a extended vector of ( ){ }kiC ,  is selected as the output vector. 
3.3. Network structure and training pattern 
There is no thumb rule to determine the number of hidden layers and the number of neurons in each 
hidden layer that determine the complexity of a neural network most. Neural networks with small number 
of neurons may not fit a complex function effectively, while networks with too many neurons often lead 
to overfitting of the function. 
Some algorithms with high performance are available to train BP network now. These algorithms are 
based on numerical optimization techniques like conjugate gradient, quasi Newton and Levenberg 
Marquardt algorithms[5],[6]. Among all of these, Levenberg Marquardt algorithm had found to be the 
fastest training algorithm for neural networks with moderate Numeric Result  
The proposed equilibrium assessment has been demonstrated on IEEE 16-bus system[7]. Bus voltage 
limits, line flow limits were considered for determination of equilibrium. Minimum and maximum 
voltage limits were set as 0.93 p.u. and 1.07 p.u., respectively at all buses. 
Economic capacities and weight of transmission line in the system were defined in Table 1. 
Table 1. The definition of facilities 
Facilities Economic Capacity (MVA) Weight 
1-4 25 250
4-5 22 190
4-6 15 150
6-7 12 130
2-8 35 350
8-9 32 280
8-10 24 190
9-11 20 150
9-12 15 120
3-13 30 300
13-14 26 240
13-15 20 170
15-16 12 120
5-11 25 250
10-14 25 250
7-16 25 250 
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3.4.  Equilibrium assessment of ieee 16-bus system 
The test take parameter 0.005mK = , 0.6tK = , 1aK = , 1dK = , 10kK = and power factor 
cos 0.95θ = as constant, and equilibrium efficiency results in all cases can be observed in Table 2. It 
should be noticed that loss of the load at bus 12 under case 9 cannot recover by adjusting switches. 
Table 2. Equilibrium efficiency of IEEE 16-bus system 
 1-4 4-5 4-6 6-7 2-8 8-9 8-10 9-11 
Case1 -- 48.3722 32.9833 42.2952 58.8075 42.7667 29.2976 53.3361 
Case2 99.9978 -- 99.9928 99.9998 82.0091 55.0847 43.5283 51.5719 
Case3 99.9995 99.9997 -- 88.1113 87.5779 56.7352 48.2158 47.6474 
Case4 99.9943 65.8853 65.9923 -- 87.5779 56.7352 48.2158 47.6474 
Case5 99.6250 58.1546 80.3106 99.2987 -- 30.6227 39.0025 50.4646 
Case6 99.9997 72.8173 57.6825 72.8727 82.6961 -- 82.6971 78.0298 
Case7 99.9996 58.0619 77.4389 97.9293 68.1614 70.3100 -- 63.0092 
Case8 99.9930 67.8205 62.9676 80.2838 96.6238 53.5670 64.4773 -- 
Case9 99.9996 58.0619 77.4389 97.9293 85.4926 45.3666 59.2848 45.4242 
Case10 87.9581 46.8069 76.5120 84.5829 87.5779 56.7352 48.2158 47.6474 
Case11 99.9996 58.0619 77.4389 97.9293 93.1572 52.6593 60.4194 48.4346 
Case12 99.9959 49.1459 87.9083 99.9956 87.5779 56.7352 48.2158 47.6474 
Case13 99.9997 53.8026 83.9082 99.9998 87.5779 56.7352 48.2158 47.6474 
Case14 99.9996 58.0619 77.4389 97.9293 87.5779 56.7352 48.2158 47.6474 
 9-12 3-13 13-14 13-15 15-16 5-11 10-14 7-16 
Case1 25.5195 99.9980 62.6406 62.6482 99.9937 42.0582 -- -- 
Case2 48.6901 99.9980 62.6406 62.6482 99.9937 41.1131 -- -- 
Case3 57.9077 90.1359 56.3983 57.4667 90.2141 -- -- 44.0720 
Case4 57.9077 92.8863 58.9663 57.1996 92.8456 -- -- 46.1065 
Case5 23.5903 99.9980 62.6406 62.6482 99.9937 50.1060 -- -- 
Case6 67.6893 99.9980 62.6406 62.6482 99.9937 62.8959 -- -- 
Case7 65.5436 99.9938 62.6243 62.6560 94.6993 -- 63.8586 -- 
Case8 70.6231 99.9980 62.6406 62.6482 99.9937 59.8075 -- -- 
Case9 -- 99.9980 62.6406 62.6482 99.9937 -- -- -- 
Case10 57.9077 -- 36.5889 48.2743 84.5510 -- -- 40.4131 
Case11 48.2405 99.9909 -- 99.9996 99.9812 -- 56.7826 -- 
Case12 57.9077 94.7494 94.7504 -- 87.2693 -- -- 47.7032 
Case13 57.9077 99.9990 62.6268 62.6272 -- -- -- 47.7039 
Case14 57.9077 99.9980 62.6406 62.6482 99.9937 -- -- -- 
Table 3 shows that 8-9, 8-10 and 9-12 has lower equilibrium efficiency, there must be over investment 
in economic capacity selection. In contrast, 3-13, as it has a greater efficiency, may be a bottleneck for the 
construction of the grid in the future. 
After equilibrium capacity { }iZ  is calculated, comparing power flow and equilibrium capacity, facility 
availability can be obtained, as shown in Table 4. 
It can be concluded that, as the availability of 9-11 is low, additional load can be considered to access 
to the system at bus 11 with priority. Similarly, load at bus 12 is too high and need to be shifted as time 
goes by. As the availability which calculated by conventional measurement shown in Table 4 too, 
overload at bus 12 mentioned above may not be discovered by conventional means. 
Availability result under contingencies will not be listed due to space limits. 
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Table 3. Equilibrium of IEEE 16-bus system 
Facilities Equilibrium Efficiency (%) Equilibrium Capacity (MVA) 
1-4 87.9581 21.9895 
4-5 46.8069 10.2975 
4-6 32.9833 4.9475 
6-7 42.2952 5.0754 
2-8 58.8075 20.5826 
8-9 30.6227 9.7993 
8-10 29.2976 7.0314 
9-11 45.4242 9.0848 
9-12 23.5903 3.5385 
3-13 90.1359 27.0408 
13-14 36.5889 9.5131 
13-15 48.2743 9.6549 
15-16 84.5510 10.1461 
5-11 41.1131 10.2783 
10-14 56.7826 14.1957 
7-16 40.4131 10.1033 
Table 4. Availability of IEEE 16-bus system 
Facilities Power Flow (MVA) Availability (%) Conventional Measurement (%) 
1-4 9.0651 41.2246 36.2604 
4-5 3.0354 29.4770 13.7973 
4-6 3.6091 72.9480 24.0607 
6-7 1.9231 37.8904 16.0258 
2-8 15.9071 77.2841 45.4487 
8-9 10.2105 104.1966 31.9078 
8-10 1.3483 19.1754 5.6179 
9-11 0.7811 8.5978 3.9055 
9-12 4.8194 136.1972 32.1293 
3-13 5.1413 19.0131 17.1377 
13-14 1.4860 15.6205 5.7154 
13-15 3.1119 32.2314 15.5595 
15-16 2.2484 22.1602 18.7367 
Table 5. Maximum relative error of facility efficiency 
Contingency Feeder 1 (%) Feeder 2 (%) Feeder 3 (%) 
Case1 -- 4.4627 9.7882 
Case2 0.3989 62.5645 4.1054 
Case3 1.5238 4.4627 9.5144 
Case4 0.7338 4.4627 3.7709 
Case5 6.1941 -- 22.6857 
Case6 19.7130 0.3743 4.1054 
Case7 6.1941 3.2094 11.2445 
Case8 0.7910 26.2857 4.1054 
Case9 6.1941 10.5029 4.1054 
Case10 8.3659 4.4627 -- 
Case11 6.1941 4.0438 3.0085 
Case12 9.3850 4.4627 1.6971 
Case13 9.1851 4.4627 3.8378 
Case14 6.1941 4.4627 4.1054 
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3.5. BP network fitting 
Given 90%~130% of the economic capacity as the capacity limits in the samples, 400 patterns in each 
case were generated for network training and Levenberg Marquardt algorithm is selected to train BP 
network mentioned above. As a neural network with one hidden layer was found hard to converge, two 
hidden layers were organized for further analysis. Finally, (16/20/20/16) was the structure used to 
implement the fitting process, which means there are 16 input neurons, 20 neurons in the first hidden 
layer, 20 neurons in the second layer and 16 for output. Table 5 gives maximum relative error of each 
feeder under contingencies. 
Though network cannot fit the result precisely, it can give system operator a rapid suggestion to shift 
load.
4. Conclusion 
In this paper, distribution network equilibrium capacity has been investigated. A problem formulation 
is presented. Results on IEEE 16-bus system are presented with promising results. This paper evaluates 
the robustness of distribution networks given a load pattern. 
Comparing result with different capacitor placement, reactive power compensation could have a direct 
relationship with equilibrium capacity, hence, would impact the availability determination greatly. The 
solution to the equilibrium can identify the facility that work in an unreasonable manner, thus, give 
advices to system operator to vary load distribution to obtain an economic operation mode. It can also 
assess the achievement of power planning in the selection of facilities. 
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